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ABSTRACT
Aims. We present new near infrared (NIR) light-curve templates for fundamental (FU, J,H,KS) and first overtone (FO, J) classical
Cepheids. The new templates together with Period–Luminosity and Period–Wesenheit (PW) relations provide Cepheid distances from
single-epoch observations with a precision only limited by the intrinsic accuracy of the method adopted.
Methods. The templates rely on a very large set of Galactic and Magellanic Clouds Cepheids (FU, ∼600; FO, ∼200) with well-sampled
NIR (IRSF data set) and optical (V ,I; OGLE data set) light-curves. To properly trace the change in the shape of the light-curve as
a function of pulsation period, we split the sample of calibrating Cepheids into ten different period bins. The templates for the first
time cover FO Cepheids and the short–period range of FU Cepheids (P≤ 5 days). Moreover, the phase zero–point is anchored to the
phase of the mean magnitude along the rising branch. The new approach has several advantages in sampling the light-curve of bump
Cepheids when compared with the canonical phase of maximum light. We also provide new empirical estimates of the NIR–to–optical
amplitude ratios for FU and FO Cepheids. We perform detailed analytical fits using seventh-order Fourier series and multi-Gaussian
periodic functions. The latter are characterized by fewer free parameters (nine vs fifteen).
Results. The mean NIR magnitudes based on the new templates are up to 80% more accurate than single–epoch NIR measurements
and up to 50% more accurate than the mean magnitudes based on previous NIR templates, with typical associated uncertainties
ranging from 0.015 mag (J band) to 0.019 mag (KS band). Moreover, we find that errors on individual distance estimates for Small
Magellanic Cloud Cepheids derived from NIR PW relations are essentially reduced to the intrinsic scatter of the adopted relations.
Conclusions. Thus, the new templates are the ultimate tool for estimating precise Cepheid distances from NIR single-epoch ob-
servations, which can be safely adopted for future interesting applications, including deriving the 3D structure of the Magellanic
Clouds.
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1. Introduction
Radially pulsating variables, and in particular RR Lyrae and
Classical Cepheids, play a key role in modern astrophysics be-
cause they are robust primary distance indicators and solid trac-
ers of old (t∼10–12 Gyr) and young (t∼10–300 Myr) stellar
populations, respectively. The radially pulsating variables when
compared with canonical stellar tracers have the key advantage
of being easily recognized by their characteristic light-curves
and to provide firm constraints on the metallicity gradient and
the kinematics of both the thin disk (Pedicelli et al. 2009; Luck
& Lambert 2011; Luck et al. 2011; Genovali et al. 2013) and
the halo (Kinman et al. 2012). The above evidence applies not
only to the Galaxy, but also to nearby resolved stellar systems
(Minniti et al. 2003).
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The main drawback in using classical Cepheids is that they
have periods ranging from one day to several tens of days. This
means that identifying and characterizing them is demanding
from the observational point of view. An unprecedented im-
provement on the number of known radially pulsating variables
was indeed provided by microlensing experiments (MACHO,
EROS, OGLE) as a byproduct of their large-area surveys. In
particular, the ongoing OGLE IV project became a large-scale,
long-term, sky-variability survey, and will further increase the
variable star identification in the Galactic Bulge and in the Mag-
ellanic Clouds (OGLE IV, Soszyn´ski et al. 2012). These surveys
have been deeply complemented by large experiments aimed at
detecting variable phenomena covering a significant fraction of
the Southern Sky, either in the optical, such as the ASAS Sur-
vey (Pojmanski 2002), the QUEST Survey (Vivas et al. 2004),
the NSVS survey (Kinemuchi et al. 2006), the LONEOS Sur-
vey (Miceli et al. 2008), the Catalina Real-time Transient sur-
vey (Drake et al. 2009), the SEKBO survey (Akhter et al. 2012)
and the LINEAR Survey (Palaversa et al. 2013); or in the near-
infrared (NIR), such as the IRSF (Ita et al. 2004), the VVV
(Minniti et al. 2010); or in the mid-infrared (MIR) such as the
Carnegie RRL Program (CRRLP; Freedman et al. 2012).
The intrinsic feature of current surveys is that both the iden-
tification and the characterization is performed in optical bands,
since the pulsation amplitude is typically larger in the B–band
than in the NIR bands. However, recent theoretical (Bono et
al. 2010) and empirical (Storm et al. 2011a,b; Inno et al. 2013;
Groenewegen 2013) evidence indicates that NIR and MIR pho-
tometry has several indisputable advantages when compared
with optical photometry: a) it is minimally affected by metallic-
ity dependence (Bono et al. 2010; Freedman & Madore 2010a);
b) it is minimally affected by reddening uncertainties; and c) the
luminosity amplitude is a factor of 3–5 smaller than in optical
bands. This means that NIR observations are not very efficient in
identify new variables, but they play a crucial role in heavily red-
dened regions (Matsunaga et al. 2011, 2013). Moreover, accurate
mean NIR and MIR magnitudes can be provided even with a
limited number of phase points, because of their reduced lumi-
nosity amplitudes in this wavelength regime. However, NIR and
MIR ground–based observations are even more time-consuming
than optical observations, because of sky subtraction. This is the
reason why during the past 20 years NIR light-curve templates
have been developed for RR Lyrae (Jones et al. 1996) and classi-
cal Cepheids (Soszyn´ski et al. 2005; Pejcha & Kochanek 2012).
The key advantage of this approach is that variables for which
the pulsation period, the epoch of maximum, and the B- and/or
the V–band amplitude are available, a single-epoch NIR mea-
surement is enough to provide accurate estimates of their mean
NIR magnitudes, which can then be used to compute their dis-
tances.
The most recent Cepheid NIR light-curve template was pub-
lished by Soszyn´ski et al. (2005, hereinafter S05). They used
30 Galactic and 31 Large Magellanic Cloud (LMC) calibrating
Cepheids and provided analytical Fourier fits in the J, H, and K
bands by using two period bins for Galactic (0.5< log P ≤ 1.3
and log P > 1.3) and LMC (0.5< log P ≤ 1.1 and log P > 1.1)
Cepheids.
We derived new sets of NIR light-curve templates for clas-
sical Cepheids covering the entire period range (0.0 < log P ≤
1.8). The advantages of the current approach compared with pre-
vious NIR templates available in the literature are the following:
a) Statistics – We collected optical and NIR accurate pho-
tometry for more than 180 Galactic and 500 Magellanic Cloud
Cepheids. Among these data, we selected the light curves char-
acterized by full phase coverage and high photometric quality
in the V ,J,H and KS bands. We ended up with a sample of more
than 200 calibrating Cepheids. This sample is a three times larger
than the sample adopted by S05. The sample size enabled us to
split the calibrating Cepheids into ten period bins ranging from
one day to approximately 100 days;
b) Hertzsprung progression – The sample size allowed us to
properly trace the change in light-curve morphology across the
Hertzsprung Progression (HP). Cepheids in the period range 6<
P<16 days show a bump along the light-curves. The HP indi-
cates the relation between this secondary feature and the pulsa-
tion period: the bump crosses the light-curve from the decreas-
ing branch to the maximum for periods close to the center of
the HP and moves to earlier phases for longer periods. To prop-
erly trace the change in the shape of the light curve, we adopted
a new anchor for the phase zero–point. The classical approach
was to use the phase of maximum light of optical light curves to
phase the NIR light-curves. The use of the phase of maximum
light as zero–point (φ=0) was justified by the fact that the pho-
tometry was more accurate along the brighter pulsation phases.
However, this anchor has an intrinsic limit in dealing with bump
Cepheids. At the center of the HP the optical light-curves are ei-
ther flat topped or show a double peak. This means that from an
empirical point of view it is quite difficult to identify the phase
of maximum light. Moreover, the center of the HP is metallicity
dependent (see Sect. 2.1). To overcome this problem, we decided
to use the phase of the mean magnitude along the rising branch.
This phase zero–point can be easily estimated even if the light-
curve is not uniformly sampled;
c) First overtones – We derived for the first time the template
for first overtone Cepheids in the J band;
d) Analytical fit – Together with the classical analytical fits
based on Fourier series we also provide a new analytical fit based
on periodic Gaussian functions. The key advantage in using the
latter functions is that the precision is quite similar to the canon-
ical fit, but the number of parameters decreases from fifteen to
nine.
The structure of the paper is the following: In Sect. 2 we dis-
cuss in detail the different samples of calibrating light curves
we adopted to derive the template for fundamental (FU) and
first overtone (FO) Cepheids. In particular, in Sect. 2.1 we de-
scribe the new technique adopted for phasing and merge the
light-curves. The preliminary analysis of the calibrating NIR
light-curves and the development of the template is described
in Sect. 3, while the analytical formula are given in Sect. 4. In
Sect. 5, we discuss in detail the NIR–to–optical amplitude ratios
that we adopted to apply the new templates. Sect. 6 describes
the application of the templates and with the error budget asso-
ciated with the new templates. Finally, in Sect. 7 we summarize
the results of this investigation and briefly outline possible future
developments.
2. Optical and NIR data sets for calibrating
Cepheids
Our analysis is based on the largest available sample of
fundamental–mode Cepheids with well-covered light-curves
in the NIR and in optical (V ,I) bands. This sample covers a
very broad period range (1–100 days). We collected J, H, and
KSband observations from four different data sets: Laney &
Stobie (1992, 51) and Monson & Pierce (2011, 131) for Galactic
Cepheids, Persson et al. (2004, 92) for LMC Cepheids, and the
IRSF survey catalog for ∼500 Small Magellanic Cloud (SMC)
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Cepheids.
The optical (V ,I) light-curves for the galactic Cepheids were
collected from the literature (Laney & Stobie 1992; Berdnikov
& Turner 2004, and references therein)1, while for Magellanic
Cloud Cepheids we adopted the data from the OGLE III Catalog
of Variable Stars (Soszyn´ski et al. 2008, 2010)2. When compared
with the other microlensing surveys mentioned in the previous
section, the OGLE III Catalog provides very accurate V– and I–
band light-curves, with the typical photometric error associated
with individual measurements ≤0.008 mag and ≤ 0.006 mag for
I and V bands, respectively. Moreover, the sky coverage of the
OGLE III survey fully matches the coverage by the IRSF survey.
i) Calibrating Cepheids in the IRSF/OGLE Sample (SMC)
During the past few years, the IRSF Survey (Ita et al., 2014,
in prep.) collected more than ∼500 complete NIR light-curves
(571 J, 434 H, 219 KS) for SMC Cepheids. These Cepheids
have optical (V ,I) mean magnitudes, periods, amplitudes,
and positions from the OGLE III Catalog of Variable Stars
(Soszyn´ski et al. 2010).Typically we have more than 1,000 mea-
surements in the optical and at least 100 in NIR bands for SMC
Cepheids. This means that phasing optical and NIR light-curves
is relatively simple. The photometric accuracy of the data in
the IRSF catalog is ±0.02 mag for the brightest (J ≈ 13) and
±0.06 mag for the faintest (J ≈ 17) Cepheids. To improve the
quality of the calibrating sample, we performed a selection
based on the root mean square (rms) between the individual data
points and the analytical fit of the individual light-curves. We
adopted a seventh-order Fourier series and the selection criterion
rms ≤ 120AJ , where AJ is the pulsation amplitude in the J band
(AJ=Jmax − Jmin). The rms/AJ ratio is an indication of how
strongly the photometric errors of the individual observations
affect the shape of the light-curve. The threshold we chose
allows us to select the most accurate light-curve while keeping
a statistically significant sample for each bin. However, small
changes of the adopted values do not significantly affect our
results. The selection criterion was relaxed to rms ≤ 115AH,K for
the H– and KS–band light-curves, because the amplitude de-
creases with increasing wavelength. For Cepheids with shortest
period Cepheids (1–3 days) we selected the light-curves with
rms ≤ 110AJ,H,K . The data for these fainter Cepheids are charac-
terized by larger photometric errors. The J,H,KS measurements
were transformed into the 2MASS NIR photometric system fol-
lowing Kato et al. (2007). However, the corrections adopted for
the transformations between different NIR photometric system
transformations are smaller than a few hundredths of magnitude
and affect neither the shape nor the amplitude of the light curves.
ii) Calibrating Cepheids in the Persson et al. 2004 Sample (P04)
This sample is based on the J,H, and K light-curves for 92
Cepheids in the LMC published by Persson et al. (2004, P04)
and the V and I photometric data available in the OGLE Catalog
for 60 of them. The photometric precision of the data in the
P04 catalog is ±0.02 mag for the brightest (J ≈ 12) and ±0.06
mag for the faintest (J ≈ 14) Cepheids. We included Cepheids
with complete coverage of the light-curve in the three bands
(more than 20 phase points) and with low rms (i.e. ≤ 0.4 mag
in the J band), for a total of ∼30 selected Cepheids in the P04
sample. These Cepheids have periods between 6 and 50 days,
thus increasing the number of calibrating Cepheids (&50%)
1 see also www.astronet.ru/db/varstars and www.astro.
utoronto.ca/DDO/research/cepheids
2 www.ogledb.astrouw.edu.pl
Fig. 1. Period distribution for the calibrating Cepheids in our sample
for the three different bands J (top), H (middle), and KS (bottom). The
color coding indicates different data sets (red: MP sample; blue: LS
sample; green: SMC sample; orange: P04 sample). The total number
of calibrating Cepheids per data set are also labeled. See text for more
details.
in the long-period regime (see Fig. 1). To transform the NIR
measurements from the original LCO photometric system into
the 2MASS photometric system, we adopted the relations given
by Carpenter (2001).
iii) Calibrating Cepheids in the Laney & Stobie Sample (LS)
This sample includes 51 Galactic Cepheids with optical and
NIR light curves with periods ranging from 3 to 69 days (Laney
& Stobie 1992, 1994). This is the most accurate photometric
sample for Classical Cepheids available in literature, with
intrinsic errors ranging from about ±0.004 mag for the brightest
(J ≈ 3) to ±0.011 mag for the faintest (J ≈ 8). The optical
light curves are also highly accurate, with typical values of the
rms ≤ 1100AV . However, we still performed a selection based
on the number of available phase points (we need at least 15
measurements for the Fourier fit) in the optical and the NIR
light-curves, for a total of ∼30 selected Cepheids in the LS
sample. The J,H,KS measurements in Laney & Stobie (1992) are
in the SAAO photometric system. We have converted them into
the 2MASS photometric system by applying the transformation
equations given by Carpenter (2001).
iv) Calibrating Cepheids in the Monson & Pierce Sample (MP)
This sample is based on NIR photometric measurements
for 131 Northern Galactic Cepheids (Monson & Pierce 2011).
These Cepheid light-curves are sampled with an average of 22
measurements per star with an associated photometric error of
±0.015 mag. However, we selected only the light curves with
more than 17 measurements in each NIR band, for a total of 64,
72, and 93 light-curves in the J,H, and KS bands, respectively.
The original J,H,KS data were taken in the BIRCAM system and
transformed into the 2MASS photometric system by applying
the equations given by Monson & Pierce (2011). For all the
Cepheids in this sample, V and I light curves were collected
from the literature (Berdnikov & Turner 2004, and references
therein). We did not perform any selection on the optical
light-curves, because no high accuracy in the V-band data is
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Table 1. Adopted period bins.
Bin Period range [days] NJ NH NKs
1 1–3 12 3 3
2 3–5 40 35 44
3 5–7 26 29 29
4 7–9.5 18 23 29
5 9.5–10.5 11 13 13
6 10.5–13.5 19 21 25
7 13.5–15.5 24 22 23
8 15.5–20 17 19 18
9 20–30 14 17 19
10 30–100 16 19 17
1–100 197 201 220
required by our method. However, the rms is always better than
1
15AV for all the Cepheids in this sample.
In total, we collected a sample of light-curves that includes
more than 200 calibrating Cepheids and is three times larger than
the sample adopted by S05 (60 Cepheids) to derive the NIR light-
curve templates for classical Cepheids.
To further improve the sampling of the light curve over the
entire period range and to reduce the rms of the light-curve
templates, the sample of Galactic and Magellanic calibrating
Cepheids was split into ten period bins.
Note that the approach we adopted is completely reddening
independent. In particular, the period is the safest diagnostic to
bin the calibrating sample, because it can be easily measured
with high accuracy, it does not depend on the wavelength, and
it is not affected by reddening. This means that the binning in
period will not introduce any systematic effect when combin-
ing optical and NIR photometric data from different instruments.
Moreover, theoretical predictions (Marconi et al. 2005) clearly
show that the light-curve shape changes with the mass at fixed
chemical composition and luminosity and that the period is the
best observable to account for this trend.
The adopted period ranges and the number of calibrating
Cepheids per bin are listed in Table 1.
There are typically twenty Cepheids per period bin with two
exceptions: bin 1 (P≤3 days), for which we have fewer than a
dozen objects, and bin 5 (9.5≥ P <10), for which the number
of Cepheids ranges from 11 (J–band) to 13 (KS band). Fig. 1
shows the histograms of the calibrating Cepheids in J (top), H
(middle) and in the KS (bottom) band. Cepheids belonging to
different data sets are plotted with different colors.
A similar selection was also performed for FO Cepheids.
The IRSF monitoring survey collected ∼231 complete NIR light-
curves for FO Cepheids (231 J, 85 H, 10 KS) with periods rang-
ing from 0.8 to 4 days. We selected from those the calibrating
light curves by adopting the following criterion: rmsJ ≤ 110AJ .
Again, the threshold was chosen to guarantee the good photo-
metric quality of the calibrating light curves. However, because
of the limited photometric accuracy of individual measurements
compared with FU light-curves, the final sample of calibrating
FO Cepheids only includes ten J-band light curves, with periods
ranging from 1.4 to 3.5 days. We did not apply any binning in
period for FO Cepheids, because the shape of the light-curve in
this period range is almost exactly sinusoidal.
2.1. Phasing the light-curves
Precise period determinations are required to derive correct
phase shifts between optical and NIR light curves. The constraint
is less severe if optical and NIR time-series data are collected
in the same time interval. The V and I photometric data for
Galactic Cepheids cover a time interval that ranges from sev-
eral years to more than 20 years. Thus, we adopted the new
period estimate published by Groenewegen (2013, G13) for all
the Cepheids in the LS sample. The G13 sample includes ∼130
Galactic Cepheids, and 50% of them are in common with the MP
sample. The light curves from MP were phased by adopting the
period given in the General Catalog of Variable Stars (GCVS).
To check the consistency of the period listed in GCVS, we com-
pared them with periods estimated by using either the Lomb-
Scargle algorithm (Press et al. 1989) or the PDM2 (Stellingwerf
2011). The difference between the two sets of periods are about
of 10−3 days, thus we adopted the GCVS for all the MP Cepheids
not included in the G13 catalog.
The phase of the light-curve is usually defined by
φVobs = mod
 JDVobs − JDVmaxP
 , (1)
where JDVobs is the epoch of the observation and JD
V
max is the
epoch of the maximum in the V band. The epoch of maximum
in the V and I bands for the LMC and SMC Cepheids is avail-
able from the OGLE III catalog, while for the Galactic Cepheids
in LS and the 50% in MP we used the epoch of the maximum
estimated by G13. To estimate the maximum brightness for the
Cepheids for which the epoch of maximum was not available,
we fitted the V–band light-curves with a seventh-order Fourier
series.
Fig. 2. V–band (left panels) and J–band (right panels) normalized light-
curves for Galactic bump Cepheids in the LS sample. The period in-
creases from bottom to top. For all these light-curves the phase φ=0
was fixed according to the maximum brightness in the V band and was
marked with the arrow and the red circle. However, the J–band max-
imum brightness, marked by the arrow, moves across the light-curves,
and occurs at later phases than the optical maximum. The drift in phase
arises because the secondary bump can be brighter than the true maxi-
mum, that corresponds to the phase of minimum radius along the pul-
sation cycle. The overplotted orange dots show the position of the mean
magnitude along the rising branch, which we adopt as the new phase
zero–point (φ=0).
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The identification of the epoch of maximum in our opti-
cal light-curves is straightforward, because of the very accu-
rate time sampling of V- and I-band light-curves of calibrating
Cepheids. However, light-curves of extragalactic Cepheids are
covered with a limited number of phase points, typically fewer
than two dozen (Sandage et al. 2006; Bono et al. 2010; Freedman
& Madore 2010a). The problem becomes even more severe for
bump Cepheids, because the bump moves from the decreasing to
the rising branch in a narrow period range. As mentioned above,
the light-curve at the center of HP becomes either flat topped or
double peaked with the real maximum and the bump located at
close phases. Fig. 2 shows the normalized optical (V; left) and
NIR (J; right) light-curves for three Galactic Cepheids located
across the center of the HP and with periods ranging from 7.02
(U Aql, bottom) to 9.84 days(β Dor, top) . If we apply the strict
definition of epoch of maximum the phase shift between the op-
tical and the NIR light-curve ranges from ∼0.1 (β Dor) to ∼0.8
(U Aql). The red circles and the red arrows show that the identi-
fication of the luminosity maximum is hampered by photometric
errors and by the fact that the bump can be brighter than the true
maximum that corresponds to the phases of maximum contrac-
tion (minimum radius).
The scenario is further complicated because theory (Bono
et al. 2000; Marconi et al. 2005) and observations (Moskalik
et al. 1992; Welch et al. 1997; Beaulieu 1998; Moskalik et al.
2000) indicate that the center of the HP is anticorrelated with the
metal content. It moves from 9.5 days for Galactic Cepheids to
10.5 and to 11.0 days for LMC and SMC Cepheids. For a more
quantitative analysis of the physical mechanism(s) driving the
HP refer to Bono et al. (2002); Marconi et al. (2005) and refer
to Soszyn´ski et al. (2008, 2010) for a thorough analysis of the
observed light-curves.
To overcome this problem, we decided to use a different
zero–point to phase optical and NIR light-curves. Our phase
zero–point is defined as the phase of the mean magnitude along
the rising branch of the V–band light-curve
φVobs = mod
 JDVobs − JDVmeanP
 , (2)
We selected this phase point, because the mean magnitudes
are more precise than the maximum brightness in Cepheids with
modest phase coverage. The new phase zero–point allows us to
highly improve the precision of the light-curve template in the
period bins located across the bump (bin 4 to 6). A more de-
tailed discussion of the impact of the new phase zero–point is
given in Sect. 3.1. The top panel of Fig. 3 shows the compari-
son between the phase lags of V and J light curves for a sample
of SMC Cepheids based on the epoch of the maximum (Eq. 1,
black open circles) and on the epoch of the mean (Eq. 2, orange
dots). The same comparison for the H and KS–bands are shown
in the middle and bottom panels of the same figure. Data plotted
in this figure clearly show the advantages in using the epoch of
the mean magnitude as the phase zero–point.
i) The phase lag anchored to the epoch of the mean can be
approximated by linear relations on a broad period range. The
intercept values of the phase lag are almost zero for all the bands
and it slightly increases from ∼0 for the Jand H bands to 0.011
for the KS band. The slope also systematically increases from
0.05 for the J band, to 0.08 for the H and 0.09 for the KS bands.
Moreover, the standard deviations based on the epoch of the
mean magnitude are at least a factor of two smaller than the
standard deviations of the phase lags based on the epoch of max-
imum light (0.02 vs 0.11 in the J band). Thus, using the epoch
Fig. 3. Top: Phase lag between the V– and the J–band light-curve of
SMC Cepheids. The black open circles are estimated by adopting the
epoch of maximum brightness as phase zero–point, while the orange
dots by adopting the new phasing, i.e. the epoch of the mean–magnitude
along the rising branch. The red lines show the linear fit of the orange
data set. The rms (dashed lines) are also overplotted. The values of the
medians and of the rms are labeled in the top of the panel. Middle: Same
as the top, but for the H band. Bottom: Same as the top, but for the KS
band.
of the maximum introduces a spurious shift in the epoch of the
maximum of the NIR light-curves of bump Cepheids, and in turn
a systematic error in the estimate of their mean NIR magnitudes.
ii) The zero–point and the slopes of the linear relations to
predict the phase lag between optical and NIR light-curves are
similar for Magellanic and Galactic Cepheids.
iii) The slope of the light-curve’s rising branch is steeper than
that of the decreasing branch. This means that the error on the
estimate of the mean magnitudes propagates into a smaller er-
ror in the phase determination. For this reason, the epoch of the
mean along the rising branch provides a more accurate phase
zero–point than the phase along the decreasing branch. How-
ever, the shape of the light curves changes once again for pe-
riods longer than the HP. The rising branch of Cepheids with
periods longer than 15.5 days is shallower than the decreasing
branch. This means that the latter provides a more solid phase
zero–point. However, this problem only affects a minor fraction
of our sample (≈10%), therefore we adopted the phase of the
mean magnitude along the rising branch.
The phase lags between V- and J-band FO Cepheid light-
curves are similar to those of the FU Cepheid, with a median
value of 0.05.
To estimate the phase of the mean magnitude for the en-
tire sample of calibrating Cepheids, we fit the V–band light-
curves transformed into intensity with a seventh-order Fourier
series. The mean in intensity was estimated as the constant term
of the analytical fit and eventually transformed into magnitude.
The comparison with the V–band mean magnitudes provided by
Soszyn´ski et al. (2010) by using the same definition indicates
that the difference is at most of the order of a few hundredths of
magnitude. The luminosity minimum and the luminosity maxi-
mum were estimated as the mean of the three closest observed
point located across the luminosity maximum and the luminosity
minimum of the analytical fit. We adopted this approach because
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Fig. 4. Merged light-curves (T bin) for the J (left), H (middle) and KS bands (right) for the ten period bins of FU Cepheids (see Eq. 5 and the
following text for more details). The range of periods in days is labeled in the top right corner of the left panel for each bin. The G3 (green line)
and the F7 (red line) templates are also shown.
the analytical fit in the period ranges in which the light-curves
show secondary features (3 ≤ P ≤ 5 days; 7 ≤ P ≤ 15 days)
slightly underestimate the luminosity amplitude. Moreover, the
error associated with the amplitude estimated by adopting this
approach does not depend on the analytical fit, but is given by
the propagation of the photometric error of the observations.
After estimating the epoch of the mean V-band magnitude
(φVmean) for FU and FO calibrating Cepheids, the epoch of the
mean magnitude in the NIR bands is given by
JDJ,H,Ksmean = JD
V
mean + P × φJ,H,KsLag , (3)
where φJ,H,KsLag is a constant for the different bands. Its value for
FU Cepheids with periods shorter than 20 days is 0.03 (J), 0.07
(H), and 0.13(KS), while for longer periods it is: 0.06 (J), 0.14
(H), and 0.16(KS). The phase lag in the J band for FO Cepheids
is 0.05. This equation can also be written in terms of JDVmax and
φVmean:
JDJ,H,Ksmean = JD
V
max + P × (φVmean + φJ,H,KsLag )
. Thus, the pulsation phase can also be defined as
φV,J,H,Ksobs = mod
 JDV,J,H,Ksobs − JDV,J,H,KsmeanP
 , (4)
where the symbols have their usual meanings. The name, the pe-
riod, the V , J, H, KS mean magnitudes, the amplitude pulsations,
and the epoch of the mean magnitude along the rising branch
for the entire sample of calibrating FU Cepheids are listed in
Table 2. The same parameters for FO calibrating Cepheids are
listed in Table 3.
3. Merged NIR light-curves of calibrating Cepheids
To compute the light-curve template for FU Cepheids in the
different period bins, we performed a fit with a seventh-order
Fourier series of the V ,J,H,KS light curves of the calibrating
Cepheids. The analytical fit provides several pulsation param-
eters: mean magnitude3, pulsation amplitude, and the phase of
the mean along the rising branch. The fit with a seventh-order
Fourier series is the most often used for Classical Cepheid light-
curves (Laney & Stobie 1992; Soszyn´ski et al. 2008, 2010). An-
alytical fits with lower order Fourier series cause an underesti-
mate of FU Cepheid luminosity amplitudes. On the other hand,
higher order analytical fits cause minimal changes (a few thou-
sandths of magnitude) in the luminosity amplitudes and in the
mean magnitudes. Following the same approach as adopted by
S05, we normalized the light curves in such a way that the mean
magnitude is equal to zero and the total luminosity amplitude is
equal to one. In particular, for the J band, the normalized light-
curve is defined as
TJ,l = (Ji,l− < J >l)/AJ,l, (5)
where Ji are the individual measurements in the J band, < J >
is the mean magnitude and AJ is the luminosity amplitude of the
variable in the J band for the l-th light-curve.
This approach allowed us to compute the merged light-curve
for each period bin (T binJ ). The merged light-curves for the ten
period bins in the J (left), H (middle), and KS (right) are shown
in Fig. 4. Data plotted in this figure clearly show that current NIR
3 Throughout the paper, mean magnitude means a mean in intensity
transformed into magnitude.
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data set properly cover the entire pulsation cycle in the three dif-
ferent bands in the short and the long period range. Moreover,
the intrinsic scatter at fixed pulsation phase is quite small and
ranges from ∼0.03 to ∼0.05 over the entire data set. This evi-
dence underlines the photometric precision and homogeneity of
the adopted data sets together with the selection of calibrating
Cepheids.
We adopted the same approach for the FO calibrating
Cepheids. To estimate the main physical parameters, we fit the
FO light-curves with a third-order Fourier series, because they
have a sinusoidal shape in the adopted period range (see Fig. 5).
Fig. 5. Merged light-curve for FO Cepheids. The F3 (red line) and G2
(green line) templates are also shown.
4. Analytical fits of the merged NIR light-curves of
calibrating Cepheids
The precision of the mean NIR magnitudes based on light-curve
templates depends on the accuracy of the analytical fits in repro-
ducing the shape of the individual light-curves in the different
period bins. The fit of the merged light-curves was performed by
using seventh-order Fourier series
F7(φ) = A0 +
7∑
i=1
Ai cos(2piiφ + Φi). (6)
Fitting the light curves with Fourier series is a very popu-
lar approach for both regular and irregular variables. They have
many advantages, but also several limits. In particular, the F7
templates (red lines) for the bin 1 in the J,H, and KS bands –see
top panels of Fig. 4– show several spurious ripples along the de-
creasing branch of the light-curve. Moreover, the F7 templates
for the period bins located across the bump display a wiggle
close to the phases of maximum brightness (bin 5) and a stiff
trend close to the phases of minimum brightness (bin 7).
To provide an independent approach for the analytical mod-
eling of the light curves, we adopted a fit with multiple periodic
Gaussian functions
G3(φ) =
3∑
i=1
Gi exp
[− sin pi(φ − Γi)
τi
]2
. (7)
We called these analytical functions PEGASUS, because
they provide PEriodic GAuSsian Uniform and Smooth fits. The
key advantage of these functions is that they follow the features
of the light-curves, but the wings remain stiff. The fits of the
calibrating light-curves with the linear combination of three PE-
GASUS functions are plotted as green lines in Fig. 4 and are very
accurate over the entire period range. The fits based on PEGA-
SUS show two indisputable advantages over the Fourier series:
a) the PEGASUS fit (G3) only requires nine parameters, while
the Fourier fit (F7) needs 15 parameters, and b) the G3 fit does
not show the ripples in either the short period bins (bins 1 and 2;
see Fig. 4) or across the Hertzsprung progression (bins 4, 6, and
7; see Fig. 6)
Fig. 6. From left to right: residuals of the J–band merged light-curves
(silver dots) obtained with the new templates: F7 (red line; top) and G3
(green line; bottom) for the period bin 4 (7–9.5 days), bin 6 (10.5–13.5
days) and bin 7 (13.5–15.5 days). The residuals attain vanishing mean
values for the F7 and the G3 templates.
However, the standard deviations of the individual fits and
the errors on the coefficients in G3 and in F7 fits attain similar
values. The standard deviations are on average on the order of a
few hundredths of magnitude, wile the errors of the coefficients
are smaller than one thousandth of magnitude. This is the main
reason why we decided to provide the analytical fits for both of
them. The coefficients Ai and Φi for the F7 fits and the Gi, Γi and
τi coefficients for the G3 templates are given in Table 4.
For the FO light-curve template, we adopted a third-order
Fourier (F3) series and a second-order PEGASUS function (G2)
to fit the merged light-curves. Fig. 5 shows the J–band template
for FO Cepheids together with the F3 and the G2 best fits. The
rms for the merged light-curve is ∼0.07 (F3) and ∼0.08 (G2)
mag. The coefficients Ai and Φi for the F3 templates and the
exponents Gi, Γi, τi for the G2 templates are listed in Table 4
The IDL procedure for estimating the mean NIR magnitudes
by using the templates is available on the webpage: http://
www.laurainno.com/#!idl/c5wp.
4.1. Validation of the new phase zero–point: bump Cepheids
To improve the mean NIR magnitude of bump Cepheids, we
adopted (see Sect. 2.1) a new phase zero–point anchored on the
phase of the mean magnitude along the rising branch. Fig. 7
shows the comparison between the merged J–band light curve
for the period bin 4 computed by using as phase zero–point both
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Fig. 7. Comparison between the merged light-curve Tbin 4J with phas-
ing anchored on the phase of maximum light (Eq. 1; left) and with the
new phasing anchored on the phase of mean magnitude along the rising
branch (Eq. 2; right) for bin 4 Cepheids.
the phase of maximum light (Eq. 1, left panel) and the phase of
mean magnitude along the rising branch (Eq. 5, right panel). A
glance at the data plotted in this figure show that the rms signifi-
cantly decreases in the merged light-curve that was computed us-
ing the new phase zero–point, and the rms decreases by roughly
a factor of two (0.06 vs 0.13).
To further constrain the precision of current templates, we
also performed a comparison with the light-curve template pro-
vided by S054. The left panel of Fig. 8 shows that the J–band
S05 template predicts a shape of the normalized light-curve (left
panel, blue line) for Cepheids with period approaching the cen-
ter of HP (U Aql, P=7.024) that differs from the observed shape.
The difference is quite clear not only close to the phase of the
maximum (φ ∼0.05), but also close to the phase of the bump
(φ ∼0.15), and in particular, along the decreasing branch. The
middle and right panels show the comparison between our tem-
plates (F7, middle; G3, right) and the observed data. The resid-
uals for the S05 template plotted in the bottom left panel of the
same figure display a phase delay between the data and the light-
curve template along the rising and the decreasing branch. On
the other hand, the residuals plotted in the middle and right pan-
els show that the F7 and G3 templates provide a good approx-
imation of the observed light-curve. The residuals have an rms
(dashed lines) of 0.04 mag, that is a factor of two smaller than
the rms of the S05 template (0.10).
5. NIR–to-optical amplitude ratios
The light-curve template allows us to estimate the NIR mean
magnitudes from single-epoch observations if the amplitude in
that specific band is already known. Indeed, Eq. 5 gives
< J >l= Ji,l − AJ,l × TJ (8)
and similar equations for the other NIR bands (see also Eq. 4
in S05). To estimate the NIR mean magnitudes, the luminosity
amplitudes can be estimated by using the luminosity amplitudes
in the optical bands. We derived new amplitude ratios between
optical and NIR bands by using our calibrating Cepheids. The
4 We applied the S05 templates by using their phase zero–point –the
epoch of the maximum– and their NIR–to–optical amplitude ratios.
Fig. 8. From left to right: comparison between the normalized J–band
light-curve (black dots) of U Aql and the S05 (blue line; left), F7 (red
line; center) and the G3 (green line; right) templates. The typical error
associated with observations (±0.01 mag) and rescaled in normalized
units is about ∼0.001 and is shown in the top left corner of the plot. The
residuals between the data and the templates are plotted in the bottom
panels. The dashed lines indicates the rms of the residuals; it decreases
from 0.10 (S05) to 0.04 (F7, G3).
results are shown in Fig. 9 from top to bottom: AJ /AV , AH/AV ,
and AKs/AV . We estimated the mean value (black solid line) over
two different period ranges: P ≤ 20 days and P>20 days for
the MW+LMC (left panels) and the SMC calibrating Cepheids
(right panels).
The data plotted in this figure disclose several interesting
features that need to be addressed in more detail, because these
ratios are prone to systematic uncertainties. Classical Cepheids
are young objects and a significant fraction of them are still
members of binary systems (Szabados & Nehéz 2012). Their
companions are mainly young low–mass stars, which meant that
they mainly affect the V–band amplitude. Moreover, recent accu-
rate optical and NIR interferometric (Kervella et al. 2006), mid-
infrared (Marengo et al. 2010; Barmby et al. 2011), and radio
(Matthews et al. 2012) measurements indicate the presence of
a circumstellar envelope around several Galactic Cepheids. This
evidence implies that the NIR amplitudes might also be affected
by systematic uncertainties and it accounts for a significant frac-
tion of the dispersion around the mean values because the photo-
metric errors are significantly smaller (see the typical error bars
in the top left corners).
Moreover, current theoretical (Bono et al. 2000) and prelimi-
nary empirical evidence (Paczyn´ski & Pindor 2000; Szabados &
Klagyivik 2012) indicates that the luminosity amplitudes depend
on the metal content. The V–band amplitudes of SMC Cepheids
in the short–period range (P≤ 11 days) are, at fixed period, larger
than those of Galactic and LMC Cepheids. The difference is
caused by the HP dependence on the metallicity (see Sect. 2.1).
The trend is opposite in the long–period range. The difference
in the optical amplitude is also clear in the Fourier amplitude
of Magellanic and Galactic Cepheids (see Fig. 5 and Fig. 2 in
Soszyn´ski et al. 2008, 2010; Matsunaga et al. 2013, Fig. 2).
This evidence indicates that solid empirical constraints on
the dependence of the luminosity amplitudes on metallicity re-
quires accurate information on individual metal abundances.
However, Genovali et al. (2013) did not find, within the errors,
any significant dependence on iron abundance, by adopting a ho-
mogeneous sample of 350 Galactic and 77 Magellanic Cepheids
with precise and homogeneous iron abundances. However, this
finding is far from being definitive, because the number of SMC
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Fig. 9. Top left: amplitude ratios – AJ/AV – as a function of the period for LMC and MW calibrating Cepheids. The dashed vertical lines display
the individual bins in period. The color coding is the same as in Fig. 1: orange dots for the P04 sample, red dots for the MP sample, and blue dots
for the LS sample. The black solid lines are the mean amplitude ratios estimated on the selected period ranges: P ≤ 20 days and P >20 days. The
error bars in the top left corner show the typical photometric error. Top right: Same as the left, but for SMC calibrating Cepheids (green dots). The
comparison between the value of the mean ratio in the left and in right panels shows that amplitude ratios of SMC Cepheids are systematically
lower than those of LMC+MW Cepheids. Middle: Same as the top, but for the AH/AV amplitude ratios. Bottom: Same as the top, but for the
AKs/AV amplitude ratios. Note that the period ranges for this band are P ≤ 15.5 days and P >15.5 days.
Cepheids for which accurate iron abundances are available is
quite limited (19).
The data plotted in the top panel of Fig. 9 indicate that the
NIR–to–optical amplitude ratios of SMC Cepheids (right panel)
are smaller over the entire period range than the amplitude ra-
tios of MW plus LMC Cepheids (left panel). This is the reason
why we decided to adopt independent values for the NIR–to–
optical amplitude ratios of SMC and MW plus LMC Cepheids.
The high dispersion in the amplitude ratios is mainly due to the
V–band amplitude distribution in the Bailey diagram (amplitude
vs period), while the NIR amplitudes show a similar distribution,
but tighter. Current theoretical and empirical evidence indicates
that the amplitude distribution in the Bailey diagram for Galac-
tic Cepheids has the typical V shape (van Genderen 1974; Bono
et al. 2000; Szabados & Klagyivik 2012; Genovali et al. 2014),
with the largest luminosity amplitudes attained in the short–
(log P ≤ 1.0 days) and in the long–period (log P ≥ 1.2 days)
ranges, while the minimum, at fixed chemical composition, is
reached at the center of the HP. This peculiar behavior does not
allow a straightforward prediction of the NIR amplitude on the
basis of the period. On the other hand, the NIR–to–optical am-
plitude ratios are almost constant for a broad range of periods, as
shown in Fig. 9. In particular, we find that the mean A(J)/A(V),
and A(H)/A(V) amplitude ratios are smaller for periods shorter
than P≤20 days and larger for periods longer than P>20 days.
For the SMC mean A(K)/A(V) amplitude ratios we chose a dif-
ferent cut in period: P=15.5 days. The estimated NIR–to–V am-
plitude ratios for MW+LMC and SMC calibrating Cepheids are
listed in Table 5.
We also note that the typical dispersion for the NIR–to–
optical amplitude ratios of the MP sample is almost twice as
high as that of the LS sample (MP: σ=0.05; LS: σ= 0.03; J-
band). The main reason for this is the photometric quality of
V-band light-curves in the MP sample. As already mentioned
in Sect. 2, the optical photometry for these Cepheids was col-
lected from the literature, with the source data spanning a long
time and coming from different instruments. Indeed, the typi-
cal rms for the MP calibrating V-band light-curve is ∼0.05 mag,
ten times higher than the typical rms for the LS V-band light-
curves (∼0.005 mag, see also Sect. 2). We also performed a test
by adopting different mean amplitude ratios for each period bin
and we did not find any significant improvement in the final re-
sults.
Similar considerations apply to the use of linear regression
to fit the amplitude ratios as a function of the period. A linear re-
lation on the entire period range provides a good approximation
for the short-period range, where the ratios are almost constant,
but it underestimates the values in the long-period range. On the
other hand, by adopting two different relations in the two period
ranges, the number of parameters will double without signifi-
cantly improving the template accuracy compared with the two
horizontal lines.
The pulsational amplitudes and Fourier parameters of FO
Cepheids also show a sudden jump for periods close to P=3 days
(Kienzle et al. 1999). This behavior is associated with the pos-
sible presence of a short-period bump along the light-curves of
FO Cepheids with periods between 2 and 3.8 days (Bono et al.
2000). Thus, we adopted two different A(J)/A(V) mean values
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for the two different regimes of the amplitude before and after the
appearance of this short-period bump. Fig. 10 shows the phase
lags (top panel) and the amplitude ratios (bottom panel) com-
puted for the FO calibrating Cepheids. The mean values (solid
lines) are AJ /AV= 0.40 (P≤2.8 days) and AJ /AV= 0.30 (P>2.8
days).
Fig. 10. Top: Phase lags in J band for FO Cepheids based on the epoch
of the maximum (black circles) and on the epoch of the mean magnitude
along the rising branch (orange dots). The median (solid lines) and rms
(dashed lines) of the ten calibrating Cepheids are overplotted. The black
labels refer to the epoch of maximum, orange labels to the epoch of
the mean magnitude. Bottom: the amplitude ratio A(J)/A(V) for FO
Cepheids. The mean values for the two adopted bins in period (P≤2.8,
and P>2.8 days) are also labeled (black solid lines).
6. Validation of the light-curve templates
To further evaluate the accuracy of current templates, we per-
formed a new test by using the complete light-curves of the
calibrating Cepheids. For each period bin, we have several cal-
ibrating light-curves (see Fig. 1) for which all the parameters
–mean magnitudes, NIR luminosity amplitudes, period, phase
zero–points– have already been estimated. Therefore, we ran-
domly selected a phase point from the calibrating light curve to
simulate a single-epoch observation and applied the new tem-
plates to estimate the mean magnitude, which we then compared
with the true one. We define δJ as the difference in J band be-
tween the true mean magnitude –estimated as the mean along
the light-curve– and the mean magnitude computed by using the
new J–band templates. A similar approach was also adopted for
the H and KS–bands. Fig. 11 shows the δJ for two period bins:
bin 3 (top) and bin 4 (bottom) by adopting the F7 (red dots, left
panels), the G3 (green dots, middle panels) and the S05 (blue
dots, right panels) light-curve templates. The δJ based on both
F7 and G3 templates give a vanishing mean (≤ 10−3 mag) and
a small standard deviation ∼ 0.03 mag. The S05 templates also
give a mean close to zero (∼ 10−3 mag) and a slightly larger
standard deviation (∼ 0.04 mag). The data plotted in Fig. 11
show that the residuals of the S05 template are not symmetric,
therefore we estimated the interquartile range and found that the
difference becomes about 40% (∼0.06 vs ∼0.04 mag). We also
divided the data into ten phase bins and estimated the mean and
standard deviation for each bin. The values are overplotted in
Fig. 11 (red dots, F7; green dots, G3; blue dots, S05). The hor-
izontal error bars display the range in phase covered by indi-
vidual bins, while the vertical error bars display their standard
deviations.
Fig. 11. Top: δJ for period bin 3 (5–7 days) by adopting the F7 (red
dots, left panel), the G3 (green dots, central panel), and the S05 tem-
plates (blue dots, right panel). The gray dots on the background are the
difference between the mean magnitude estimated by applying the tem-
plates and the true mean magnitude estimate by the individual fits. By
binning the phase in ten different bins, we estimated the mean of the
residuals (dots) and the standard deviation (error bar). The solid black
lines show the mean values, which are <10−3 mag for the three tem-
plates. Bottom: Same as top, but for period bin 4 (7–9.5 days).
The data plotted in this figure indicate that the residuals of
the F7 and G3 are independent of the phase, while the residuals
of the S05 template show a clear phase dependence for φ ∼0.5
and φ ∼0.8. In particular, the mean J magnitudes based on the
S05 template are 2σ fainter close to φ ∼0.5 and brighter close
to φ ∼0.8. Most of this discrepancy is due to bump Cepheids for
which the phase zero–point anchored on the epoch of maximum
brightness introduces systematic phase shifts in using the tem-
plate. Similar trends were also found when estimating the δH
and δKS by applying the F7, G3, and S05 templates. We also
performed the same test for FO Cepheids, and the results are
plotted in Fig. 12. Once again, the residuals for the F7 and the
G3 templates attain vanishing values (≤ 10−3) and the standard
deviations are smaller than 0.04 mag. Note that above standard
deviations account for the entire error budget, because they in-
clude the photometric error (measurements, absolute calibration)
and the standard deviations of the analytical fits.
6.1. Test based on single-epoch measurements
The validation of the light-curve templates performed in the last
section has a limited use, bceause it relies on Cepheids with a
good coverage of the pulsation cycle, and in turn on accurate
luminosity amplitudes. Therefore, we performed an independent
validation by using the amplitude ratios discussed in Sect. 5 and
by randomly extracting phase points from the J, H, and KS–band
light-curves of the calibrating SMC Cepheids. This is an acid
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Fig. 12. Same as Fig. 11, but for FO calibrating Cepheids. The δJ are
based on the F7 (top) and the G2 (bottom) templates. The red (F3) and
green (G2) dots indicate the mean for each of the 20 bins in phase and
the standard deviation (error bars). The mean of the residuals is ≤ 0.01,
with a mean rms of 0.04 mag.
test, because we are mimicking the typical use of the light-curve
template.
The difference in mean magnitude between the true mean
magnitudes and the mean magnitudes estimated using the new
NIR templates are plotted in Fig. 13 as red triangles (F7, left
panels), green triangles (G3, middle panels), and blue triangles
(S05, right panels). The red, green and light blue shadowed ar-
eas indicate the standard deviation ±σ, for the δJ (top), the δH
(middle) and the δKS (bottom) estimated with the three different
templates. The mean values for the three bands (δJ, δH and δKS)
are lower than a few thousandths in all the cases. However, the σ
for the F7 and the G3 J and H–band templates are at least 40%
lower than for the S05 template (0.03 vs 0.05 mag). The differ-
ence for the KS band is lower and of about ∼20% (0.04 vs 0.05
mag). Moreover, the residuals of the S05 template show a phase
dependence that is not present in the residuals of the F7 and the
G3 templates5.
The evidence that the new NIR templates do not significantly
reduce the scatter in the KS band is a consequence of the fact that
the pulsation amplitude in this band is smaller than in the J and
in the H bands. Moreover, the photometric errors on individual
measurements become larger.
We performed the same test for the Galactic calibrating
Cepheids, and the results are given in Fig. 14. The difference
we found for Galactic calibrating Cepheids from using the new
NIR templates is between two (KS) to three (J,H) times smaller
than for the S05 templates. The mean in the three different bands
approaches zero (∼ 10−3 mag), but the residuals of the S05 tem-
plate show a clear phase dependence. Moreover, data plotted in
the right panels show a systematic overestimate of the mean
magnitude for phases close to the rising branch (φ ∼1). The
main reason for this discrepancy is once again the adopted phase
zero–point. The use of the maximum brightness to anchor the
phase causes loose constraints along the rising branch, i.e. close
5 Note that for this test we only adopted calibrating Cepheids with
log P >0.5, because the S05 template does not include shorter period
Cepheids.
to phases in which the luminosity rapidly increases. The F7 and
the G3 templates do not show evidence of similar systematic ef-
fects. However, the former exhibits a mild phase dependence in
the KS bands –and probably in the H bands– close to φ=0.8.
The difference between the residuals of MW+LMC and
SMC calibrating Cepheids is a consequence of the fact the for-
mer sample is characterized by a better photometric precision
over the entire period range. The mild phase dependence is
mainly due to the smaller photometric errors, and in turn, to
the smaller standard deviations (see labeled values). The key
points to explain the above trends are a) the definition of the
phase zero–point: the use of the mean magnitude along the ris-
ing branch (Sect.2.1) instead of the decreasing branch reduces
the precision of the template for periods longer than 13.5 days;
b) the NIR–to–optical amplitude ratios adopted for the H and
KS: the V–band amplitude of the Galactic calibrating Cepheids
shows, at fixed period, a high dispersion, that propagates into the
NIR–to–optical amplitude ratios.
The same test was also applied to the FO calibrating
Cepheids. The residuals plotted in Fig. 15 clearly show that
the standard deviation of the J–band template decreases by
∼50% when compared with single-epoch measurements ex-
tracted along the light-curves. Note that the typical pulsation am-
plitude in the J band for FO pulsators is ∼0.15 mag. This means
that the use of single-epoch measurement as a mean magnitude
introduces an error of about ∼0.07 mag. Thus, the new FO NIR
templates allow us to reduce the error budget for FO Cepheids
by almost a factor of two. Moreover, the new templates do not
show evidence of a phase dependence.
To fully exploit the impact of the new NIR templates on FU
Cepheids, we also performed a test with the mean Wesenheit
magnitudes. The NIR Wesenheit magnitudes are closely related
to apparent magnitudes, but they are minimally affected by un-
certainties on reddening and are defined as
W(JKS) = KS − 0.69 × (J − KS),
W(HKS) = KS − 1.92 × (H − KS),
W(JH) = H − 1.63 × (J − H),
where the coefficients of the color terms are based on the red-
dening law provided by Cardelli et al. (1989), and for the SMC
selective absorption coefficient we adopted RV=3.23. This is an
acid test concerning the NIR templates, since the color coeffi-
cients of the Wesenheit relations attain values higher than one for
bands with limited difference in central wavelength. This means
that uncertainties affecting the mean colors are magnified in us-
ing Wesenheit relations.
To simulate the effect of non-simultaneous NIR observa-
tions, we randomly extracted for the entire set of SMC cal-
ibrating light-curves three different (J,H,KS) measurements.
The NIR templates were applied to each of them and we ob-
tained three independent estimates of the mean NIR magni-
tudes. Then we computed the three mean Wesenheit magnitudes
–W(JH),W(HKS), W(JKS)– by using these relations and esti-
mated the difference in magnitude with the true mean Wesen-
heit magnitudes. To properly sample the luminosity variations
along the entire pulsation cycle, the procedure was repeated ten
times per light-curve. This test was performed with the new (F7,
G3) and the S05 templates. The residuals are plotted in Fig. 16,
W(JKS) (top), W(HKS) (middle) and W(JH) (bottom). A Gaus-
sian fit to the histograms performed to evaluate the mean and the
standard deviation is also overplotted. We found that the means
once again vanished. The σ of the mean Wesenheit magnitudes
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Fig. 13. Random-phase extraction test for all the period bins in the dif-
ferent NIR bands (from top to bottom: J, H and KS) in the SMC sample.
The red triangles show the difference between the mean magnitude pre-
dicted by applying the F7 template to the single-epoch NIR observation
(left panel). In the middle panel the green triangles were evaluated by
applying the G3 template, while the blue triangles in the left panel are
evaluated by applying the S05 template. The shadowed areas shows the
2σ of the results (F7: light red; G3: light green; S05: light blue), while
the black lines indicate the zero. The residuals of F7 and G3 template
show no dependence on the phase, and the dispersion is from ∼20%
(KS) to 40%(J) lower than the residuals of the S05 template.
based on the F7 [a) panels] and on the G3 [b) panels] templates
are between 15–30% lower than the σ of the residuals based on
the S05 [c) panels] template (see labeled values).
Finally, we also compared the difference between the mean
Wesenheit magnitudes based on the new NIR templates with
single-epoch measurements randomly extracted from the light-
curve of the SMC calibrating Cepheids. The gray shaded areas
plotted in the d) panels of Fig. 16 show that the standard devia-
tions of the new NIR templates are a factor of two smaller than
those of the single-epoch measurements.
6.2. Error budget of the analytical fits
These results clearly show that the application of NIR light curve
templates increases the accuracy on the mean magnitude com-
pared with single-epoch measurements. However, the templates
are affected by several uncertainties that contribute to the total er-
ror budget. The test discussed in Sect. 6.1 and shown in Fig. 13
was also applied to constrain the impact of the individual uncer-
tainties on the total dispersion of the δJ, δH, and δKS residuals.
i) Photometric error – The photometric error is the main
source of error, and it affects the precision of the template and
its application. However, only the former source should be taken
into account when estimating the precision of current templates.
To artificially remove the photometric error on the measured NIR
magnitudes, we extracted the individual measurements from the
Fourier fits of the light-curves. The result of this numerical ex-
periment shows that 60% of the total dispersion is due to the
photometric error on the observed magnitudes. This accounts for
0.02 mag in the total error budget.
ii) Use of the template – The use of a template plus a single-
epoch measurement to estimate the mean magnitude accounts
for 12% of the total dispersion in Fig. 13.
iii) Merging of the light-curves in period bins – Our approach
assumes that all the light-curves inside the same period bin are
identical within the errors. This assumption is verified inside the
confidence level given by the rms of the merged light-curves,
typically ∼0.03 mag. However, small differences in shape may
occur between the true light-curve of the Cepheid and the given
template. This is a simple consequence of the merging process of
the Cepheid light-curves in a limited number of period bins. We
tested the impact of this approach by using synthetic light-curve
based on analytical fits (F7, G3). We found that 15% of the total
dispersion is due to the process of merging the light-curves in a
modest number of period bins.
iv) V-NIR amplitude ratio – The prediction of the pulsation
amplitudes in the J, H, and KS bands based on the optical ampli-
tude introduces an uncertainty on the mean magnitude provided
by the templates. However, we can quantify this effect by adopt-
ing the true amplitudes measured for the calibrating Cepheids.
The error associated with the use of the V-NIR amplitude ratios
given in Sect. 5 accounts for 10% of the total budget.
v) V-NIR phase lags – We estimated the epoch of the mean
magnitude along the rising branch by adopting V-NIR phase
lags (Sect. 2.1). The comparison between the δJ, δH, and δKS
residuals estimated with the adopted and the measured epoch of
the mean magnitudes indicates that this assumption accounts for
∼3% of the error budget.
The error associated with the NIR mean magnitudes esti-
mated by applying the new NIR templates is ∼0.015 mag for
the J band, 0.017 mag for the H band and 0.019 mag for the KS
band. These errors have to be added in quadrature to the pho-
tometric error on the single-epoch measurements to which the
template is applied. The use of two or more measurements for
the same Cepheid and the weighted average of the independent
mean magnitudes implies a better precision on the final mean
magnitude.
7. Summary and final remarks
We developed new NIR J, H, and KS light-curve templates for
FU and FO Cepheids. The new templates compared with those
already available in the literature have several advantages:
i) Period binning – We divided the entire period range (1–
100 days) into ten different period bins. The binning was per-
formed to a) reduce the rms of the merged light-curves, b) prop-
erly trace the change in the shape of the light-curve across the
HP, and to c) minimize the discrepancy in the amplitude ratio and
in the phase difference (Rl,m, φl,m; Fourier parameters) between
templates and individual light curves. The adopted binning in
period allowed us to limit this difference to less than 15% of the
total error associated with the estimate of the NIR mean magni-
tudes.
ii) Phase zero–point – The phase zero–point of the mean
magnitude was fixed along the rising branch of the light-curve.
The main advantage of this new definition is that it allow us to
estimate the phase lag between optical and NIR light-curves.
Moreover, the identification of the new phase zero–point is
straightforward even for bump cepheids and thus overcomes pos-
sible systematic errors introduced by the secondary bumps along
the light curves.
iii) NIR–to–optical amplitude ratios – To apply the new
templates, we need to know the luminosity amplitude in an opti-
cal band (V , B) in advance together with the ratio between opti-
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Fig. 14. Same as Fig. 13, but for Galactic Cepheids (LS, MP). The red
triangles show the difference between the mean magnitude predicted by
applying the F7 template (left panel), the G3 template (central panel,
green triangles), and the S05 template (right panel, blue triangles). The
shadowed areas shows the 2σ of the results (F7: light red; G3: light
green; S05: light blue), while the black lines indicate the zero for each
data set.
Fig. 15. Random-phase extraction for FO calibrating Cepheids in the
J–band. The red triangles show the differences between the mean mag-
nitude based on the F3 template and on single–epoch NIR observa-
tions (top panel). The middle panel shows the residuals (green triangles)
based on the G2 template, while the bottom panel shows the residuals
(black triangles) of the single–epoch measurements. The shadowed ar-
eas shows the 2σ of the results (F7: light red; G2: light green; single-
epoch: light gray), while the black lines display the mean.
cal and NIR bands. The optical amplitudes come from the OGLE
data set. We provided a new estimate of the V–NIR amplitude ra-
tios for the calibrating Cepheids and found that a) the ratios for
SMC Cepheids are, at fixed period, systematically lower than the
ratios of Galactic and LMC Cepheids; b) the difference between
SMC and MW+LMC decreases for periods longer than the cen-
ter of the HP. The optical amplitudes of Galactic Cepheids are
smaller than the amplitudes of SMC Cepheids for periods shorter
than the center of the HP. Therefore, we adopted two different ra-
tios for the short– and the long–period regime.
iv) Analytical Functions – Together with the popular
seventh-order Fourier series fitting, we also provided a template
based on multi-Gaussian periodic functions. The main advan-
tage in using this new template is that it provides a solid fit of
the light-curves by using fewer parameters than the Fourier fit.
Moreover, it is less sensitive to spurious features that can be in-
troduced in the light-curves by photometric errors and to sec-
ondary features (bumps, dips) that can appear along the light-
curves.
v) FO pulsators – We provide for the first time the J-band
template for FO Cepheids, following the same approach as we
adopted for FU Cepheids. The new template reduces the uncer-
tainty on the mean J–band magnitude of FO Cepheids by a factor
of two.
The application of the new NIR templates when compared
with single-epoch NIR data provides mean magnitudes that
are 80% more accurate, and their typical error is smaller than
0.02 mag. Cepheids mean magnitudes can be used to estimate
their distances by adopting Period–Luminosity (PL) and Period–
Wesenheit (PW) relations. The error associated with these dis-
tances includes both the error on the observed mean magnitude
and the uncertainty on the absolute magnitude estimated by the
adopted relation. This uncertainty is formally derived by the dis-
persion of the relation, which is produced by three different er-
ror sources: the photometric errors associated with the measured
mean magnitudes from which the adopted PL or the PW relation
is derived, the line-of-sight depth of the galaxy, and the intrinsic
scatter. This last term is a consequence of the fact that PL and
PW relations do not account for all the physical parameters that
contribute to the stellar luminosity, such as temperature, metal-
licity, helium-content. Recent theoretical predictions (Bono et al.
2000; Marconi et al. 2005; Fiorentino et al. 2007) and empirical
results (Bono et al. 2010; Inno et al. 2013) indicate that the in-
trinsic dispersion decreases for NIR PW relations. In particular,
Fiorentino et al. (2007) predicted a dispersion lower than 0.05
mag for PW(J,K) relation. This uncertainty of ∼ 3% on indi-
vidual distances is thus the precision that intrinsically limits the
method we adopted. The main advantage of the new templates is
that they reach the precision limit, even with single-epoch NIR
observations. Indeed, for single-epoch measurements with 1%
accuracy or better, the error on the mean magnitude is lower than
2%. Computing the sum in quadrature of all these error sources,
the dominant term is then the intrinsic scatter of the PW relation.
This means that Cepheid distances can be determined with
the highest possible accuracy by using the new templates and
one single-epoch NIR observation.
Compared with the S05 templates, F7 and G3 templates have
the advantage to be minimally affected by problems in phase
dependences, and they provide new NIR mean magnitudes that
are more accurate by 30%(KS) to 50% (J). This means that if
single-epoch measurements are available with photometric pre-
cision better than 0.03 mag, the new templates already reduce
the total uncertainty on distances by 20% with respect to the
S05 templates. For instance, by applying the new templates to
the NIR single-epoch data presented in Inno et al. (2013) for
the SMC Cepheids, the total dispersion of the optical–NIR PW
relations decreases by up to 30% (i.e. 0.15 mag vs 0.26 mag,
PW(VJ)) when compared to single-epoch data, and up to 5%
(i.e. 0.15 mag vs 0.16 mag PW(VJ)) when compared with the
S05 template. Moreover,the total dispersion for PW(VJ) is 0.15
mag, indicating that the scatter due to spatial effects is still sig-
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Fig. 16. Top: From left to right: histogram of the difference between the true mean Wesenheit W(JKS) and the mean Wesenheit magnitude estimated
by using the F7, G3, S05 templates, and the single-epoch data. The single-epoch data were randomly extracted from the calibrating SMC light-
curve at different phases for the J, H, and the KS bands. The Gaussian fits from which the labeled standard deviation has been estimated are also
overplotted on the histograms. Middle: Same as top, but for the W(HKS) magnitude. Bottom: Same as top, but for the W(JH) magnitude.
nificantly larger then the intrinsic dispersion (∼3 times larger).
This means that Cepheid relative distances can be safely used to
derive the three-dimensional structure of the SMC, with an ac-
curacy limited by the total error estimated above that is ≤5%,
which corresponds to the physical limit of the method itself.
If we instead consider all of the Cepheids as a statistical
ensemble representing the stellar distribution in the galaxy, the
mean distances to the SMC as derived from different PW re-
lations can be determined with a precision of up to 0.1%
(0.002 magnitudes, PW(VJ)), with the precision scaling as the
square root of the number of stars in the ensemble itself (&2,200
Cepheids).
A more detailed discussion on the application of the new
templates to derive new MC Cepheids relative distances will be
given in a forthcoming paper (Inno et al., in preparation).
Our findings rely on a panoply of Galactic and MC Cepheid
light-curves. The new templates and reddening-free optical–NIR
PW relations will provide accurate absolute and relative dis-
tances. The latter appear very promising, because the intrinsic
error is on the order of 1–2 percent. This gives the opportunity
to derive 3D structure of nearby stellar systems by using single-
epoch NIR observations.
In spite of the substantial improvement in the intrinsic ac-
curacy of the NIR light-curve templates, the observational sce-
nario is far from being complete. Current NIR light-curves
did not allow us to derive accurate H- and KS-band templates
for FO Cepheids, because of the limited photometric accuracy
in the short-period regime (faintest Cepheids). Moreover, we
found evidence that the NIR–to–optical amplitude ratios of SMC
Cepheids are lower when compared with MW+LMC Cepheids.
Current data did not allow us to constrain whether a similar dif-
ference is present in addition between MW and LMC Cepheids,
because of the limited sample of LMC Cepheids, The new
NIR time series data that are being collected by IRSF for MC
Cepheids appear a very good viaticum to address these open
problems.
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Table 3. Pulsation parameters for FO calibrating Cepheids
OGLE ID log P <V> <J> AV AJ JDVmean
[days] [mag] [mag] [mag] [mag] [HJD]
OGLE-SMC-CEP-2002 0.40123 15.785 14.805 0.48 0.19 2452089.804
OGLE-SMC-CEP-2043 0.54709 15.790 14.650 0.43 0.15 2450472.057
OGLE-SMC-CEP-2371 0.37723 16.597 15.520 0.47 0.20 2450625.333
OGLE-SMC-CEP-2816 0.18456 16.464 15.629 0.53 0.22 2450623.134
OGLE-SMC-CEP-2948 0.45681 15.942 14.911 0.47 0.13 2452127.708
OGLE-SMC-CEP-3040 0.39686 15.863 14.812 0.46 0.18 2450629.533
OGLE-SMC-CEP-3082 0.22626 16.322 15.431 0.48 0.20 2452088.542
OGLE-SMC-CEP-3126 0.15992 16.416 15.568 0.61 0.23 2450623.298
OGLE-SMC-CEP-3183 0.29055 16.329 15.388 0.50 0.24 2452088.954
OGLE-SMC-CEP-3298 0.42815 15.677 14.675 0.43 0.16 2450623.992
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Table 4. F7 and G3 coefficients of the FU NIR light-curve templates and F3 and G2 coefficients of the FO J-band templates
BIN A0 A1 A2 A3 A4 A5 A6 A7 Φ1 Φ2 Φ3 Φ4 Φ5 Φ6 Φ7 σF
J-band
1 -0.002 0.325 0.174 0.107 0.076 0.046 0.032 0.022 1.583 1.610 1.648 1.633 1.543 1.412 0.995 0.05
2 -0.001 0.373 0.172 0.092 0.051 0.032 0.017 0.012 1.460 1.652 1.702 1.728 1.814 1.657 1.661 0.05
3 0.003 0.418 0.156 0.077 0.028 0.014 0.003 0.007 1.423 1.823 1.903 1.843 1.310 0.951 1.921 0.04
4 0.004 0.430 0.134 0.083 0.016 0.012 0.012 0.005 1.355 2.011 2.114 1.261 2.292 1.135 1.849 0.04
5 -0.018 0.424 0.040 0.002 0.028 0.019 0.004 0.015 1.494 -3.112 0.199 0.404 2.548 0.643 1.396 0.04
6 0.000 0.412 0.076 0.028 0.021 0.011 0.011 0.005 1.616 2.225 0.787 0.811 0.952 -0.018 1.117 0.05
7 -0.002 0.486 0.093 0.063 0.063 0.045 0.045 0.024 1.421 2.070 1.581 1.535 1.591 1.910 2.081 0.05
8 -0.002 0.477 0.106 0.067 0.060 0.046 0.017 0.015 1.416 2.026 1.623 1.550 1.776 2.188 2.045 0.04
9 -0.003 0.424 0.114 0.067 0.039 0.030 0.012 0.012 1.218 1.731 2.331 2.652 -3.129 -2.609 -2.159 0.03
10 -0.004 0.413 0.133 0.067 0.047 0.033 0.016 0.015 1.215 1.802 2.115 2.409 2.390 2.912 -2.382 0.04
FO 0.001 0.454 0.056 0.019 · · · · · · · · · · · · 1.586 1.586 3.099 · · · · · · · · · · · · 0.07
H-band
1 -0.013 0.386 0.135 0.057 0.014 0.009 0.004 0.003 1.338 2.020 2.381 2.423 -3.111 2.000 1.658 0.05
2 -0.012 0.388 0.135 0.057 0.014 0.008 0.003 0.002 1.332 2.017 2.406 2.435 -3.096 1.943 1.614 0.05
3 -0.003 0.432 0.120 0.066 0.020 0.007 0.005 0.006 1.291 2.104 2.702 2.437 2.389 -2.527 2.398 0.04
4 -0.003 0.424 0.111 0.066 0.009 0.004 0.002 0.003 1.253 2.241 2.900 2.695 -3.061 1.498 3.054 0.04
5 0.003 0.462 0.069 0.016 0.027 0.023 0.017 0.012 1.456 3.058 0.011 2.419 -1.323 1.461 3.091 0.05
6 -0.002 0.480 0.072 0.019 0.017 0.006 0.006 0.004 1.396 2.878 2.012 2.754 2.726 1.223 1.922 0.03
7 0.000 0.485 0.056 0.031 0.013 0.010 0.006 0.004 1.415 2.667 2.528 2.478 -2.969 -2.867 -1.826 0.03
8 -0.001 0.476 0.064 0.039 0.013 0.007 0.010 0.005 1.369 2.498 2.920 3.009 -2.705 -1.954 -0.790 0.03
9 -0.003 0.451 0.094 0.046 0.023 0.013 0.008 0.001 1.330 2.328 -3.079 -2.651 -1.692 -0.741 1.184 0.03
10 -0.006 0.451 0.092 0.035 0.011 0.006 0.003 0.001 1.314 2.505 -2.720 -1.883 -0.768 1.090 -2.898 0.03
KS-band
1 -0.002 0.367 0.119 0.042 0.008 0.019 0.014 0.011 1.382 1.734 2.923 -3.029 2.088 2.537 2.960 0.07
2 -0.001 0.450 0.119 0.058 0.025 0.020 0.018 0.005 1.325 1.954 2.831 -2.976 2.638 2.960 -2.407 0.05
3 0.001 0.458 0.121 0.047 0.018 0.016 0.001 0.007 1.313 2.269 2.813 2.750 -2.949 -2.027 2.853 0.05
4 0.000 0.423 0.099 0.064 0.016 0.001 0.008 0.005 1.230 2.410 -2.945 -3.124 0.201 2.615 -2.382 0.04
5 0.003 0.423 0.099 0.064 0.016 0.001 0.008 0.005 1.230 2.410 -2.945 -3.124 0.201 2.615 -2.382 0.05
6 0.004 0.488 0.078 0.024 0.017 0.016 0.004 0.005 1.375 2.994 2.442 2.527 2.639 1.917 3.100 0.04
7 0.002 0.483 0.054 0.035 0.018 0.016 0.012 0.006 1.409 2.536 2.890 -3.028 -2.626 -1.715 0.689 0.04
8 0.005 0.481 0.066 0.031 0.009 0.006 0.008 0.002 1.386 2.687 2.997 2.973 -2.037 -1.625 0.457 0.03
9 -0.001 0.473 0.076 0.032 0.021 0.014 0.010 0.011 1.382 2.370 3.052 -2.547 -2.207 -1.495 -0.092 0.03
10 -0.001 0.460 0.098 0.039 0.021 0.010 0.010 0.003 1.311 2.403 -3.088 -2.344 -1.865 -0.718 0.999 0.03
BIN G1 G2 G3 Γ1 Γ2 Γ3 τ1 τ2 τ3 σG
J–band
1 1.213 -1.285 0.629 0.880 -0.026 0.945 0.660 0.708 0.226 0.06
2 0.577 -0.728 0.800 0.934 -0.003 0.822 0.269 0.871 0.631 0.05
3 2.227 -1.882 -0.536 0.976 0.076 0.054 0.972 1.096 -0.344 0.04
4 0.633 -0.418 0.427 0.770 0.157 0.901 0.650 1.448 0.295 0.05
5 0.672 -0.489 0.113 0.748 0.265 0.920 0.720 1.144 -0.347 0.05
6 0.674 -0.451 0.450 0.732 0.102 0.933 0.558 1.124 0.352 0.04
7 1.320 -0.835 0.438 0.774 -0.108 0.942 0.786 1.899 -0.176 0.04
8 0.476 -0.785 1.233 0.938 -0.097 0.781 0.200 1.497 0.717 0.04
9 0.823 -0.606 -0.384 0.905 0.234 0.033 0.777 0.919 0.281 0.04
10 0.655 -0.339 0.315 0.880 0.253 0.718 0.376 1.125 -0.472 0.04
FO 1.002 -1.023 · · · 0.863 0.144 · · · 1.095 1.055 · · · 0.07
H–band
1 0.837 -0.485 0.422 0.870 -0.089 0.685 0.443 1.466 -0.573 0.05
2 0.931 -0.513 -0.387 0.887 0.192 0.027 0.728 1.169 0.381 0.05
3 0.395 -0.357 0.509 0.744 0.272 0.871 0.511 1.003 -0.348 0.04
4 0.455 -0.374 0.336 0.767 0.286 0.876 0.461 0.770 0.304 0.04
5 0.128 -0.471 0.716 0.647 0.251 0.790 0.211 1.117 0.662 0.06
6 0.857 -0.578 0.234 0.722 0.370 0.892 0.730 1.448 0.343 0.03
7 1.051 -0.888 -0.203 0.805 0.294 0.033 1.094 1.333 0.340 0.03
8 0.374 -0.447 0.457 0.866 0.293 0.724 0.323 0.768 0.549 0.03
9 0.284 -0.419 0.506 0.858 0.288 0.766 0.281 0.827 0.565 0.03
10 0.605 -0.411 0.223 0.836 0.287 0.696 0.391 0.736 -0.396 0.03
KS–band
1 0.552 -0.375 0.139 0.811 0.219 0.916 0.472 0.692 0.164 0.07
2 0.552 -0.375 0.139 0.811 0.219 0.916 0.472 0.692 0.164 0.04
3 0.403 -0.450 0.695 0.642 0.397 0.852 0.673 1.429 0.415 0.05
4 0.494 -0.384 0.276 0.767 0.297 0.878 0.421 0.691 0.290 0.04
5 0.634 -0.464 0.246 0.722 0.299 0.875 0.659 1.247 0.526 0.05
6 0.737 -0.496 0.417 0.826 0.384 0.629 0.568 1.556 0.542 0.04
7 0.539 -0.542 0.333 0.699 0.322 0.849 0.763 0.988 0.377 0.04
8 0.599 -0.477 0.359 0.832 0.334 0.634 0.476 1.005 0.592 0.03
9 0.648 -0.499 0.184 0.783 0.262 0.849 0.703 1.037 -0.256 0.03
10 0.525 -0.442 0.195 0.779 0.278 0.849 0.547 0.797 0.375 0.03
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Table 5. NIR–to–optical amplitude ratios.
MW+ LMC SMC
Period AJ /AV AH/AV AKs/AV AJ /AV AH/AV AKs/AV
P ≤20 daysa 0.43 ± 0.01b 0.34 ± 0.01b 0.33± 0.01 b 0.33 ± 0.01 b 0.26 ±0.01b 0.25±0.01b
P >20 daysa 0.45 ± 0.01b 0.40 ± 0.01b 0.41 ± 0.01b 0.39 ±0.03b 0.39±0.03b 0.37±0.02b
(a)Note that for the AKs/AV ratio of SMC Cepheids the adopted period ranges are P≤15.5 days and P>15.5 days.
(b) These errors were estimated as rms/
√
N, where N is the number of calibrators in the specific period range.
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